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Abstract 

In this paper, we consider Hamiltonian systems on x . Multiple rotational 

solutions are obtained. 


1 Introduction and main results 


In this paper we study the multiplicity of rotational solutions for Hamiltonian 
systems 


i = JH'iz), 






(HS) 


For 1 ^ A ^ 2/1 - 1, let 


z^(zi,z^), Zi^izi,--- ,Z2n-k), + ,Z2ii), d-D 


and 

Hzi — (Hzi,--- ), Hzjj = (-^^22^-4+! ’ ■ ■ ■ i^2ra)- (1-2) 

We make the following basic hypothesis on the Hamiltonian 
(HO) 

(HI) Hizi,ZTi + a) = Hizi,Z]i), \/z = izi,zji) e IR^", veZ^. 

(H2) There exist constants r > 0, p > 1 such that 


0 < ^iH(z) Zi- Hz^iz), \/z - (zi,--- ,Z2n) E \zif ^ . 

A periodic solution zU) of dHSb on x T* satisfies 

0(r)-0(O) = (O,a) (1.3) 
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for period T > 0 and vector v eZ^. If o = 0, solutions are contractible. v 
it is called rotational vector and corresponding solutions are called rotational 
solutions, which are non-contractible. 

If z(.t) is a rotational solution of dHSt . then z{mt) is also such a solution with 
rotational vector mv. We restrict choices of rotational vectors to Z\ defined as 
follows. 

Definition 1, A rotational vector v - {vi,V 2 ,--- ,Vk) e \ {0} is called prime, 
if one of its coordinates equals to 1 while others are zero, or two of them are 
relatively prime. Denotes by 

z\ - the set of all prime rotational vectors in Z*. 

In this paper, we consider the following boundary value problem 

J m^JH'(z(t)), 

|z(r) = 0(O) + (O,i;), 

For given T > 0 and v e Z*. Denote by S^h^T,v) the set of distinct solutions. 
Main results in this paper are the following theorems. 

Theorem 1. Assume that k — n and H satisfies (H0)-(H2). For every T > 0 and 
V e Zp we have 

*&>H(T,v);?k. 

Theorem 2. Assume that k> n and H satisfies (H0)-(H2) and 
(H3) There exist positive numbers a, b and s < p - ^ such that 

\H,^{z)\ < a\zi\^ + b,\/z^ izi,zii) E x |R^ 

For every veZ\n ({0} x x {0}) with 0 e and T e /(s), we have 

*&>H(.T,v)^k, 


where the interval I(s) is defined as follows 


f(0,+oo), s<^, 

I (0,5), 


and 5 is sufficiently small. 


2 Variational settings 

Make substitution 

z(Tt) - x{t)+ t(0,v). 


(2.1) 


2 


then solutions of I I1.4D are in one to one correspondence with 1-periodic solutions 
of the following problem: 


j i(t) + ( 0 , 0 ) = TJH'{x(i) + t{0,v)), 
I a:(l) = a:(0). 


(2.2) 


We choose the Hilbert space E - with its inner product and 

norm defined by 

(x,y> =xo-yo+27r|j|x_,-y_,-, \/x,yeE, (2.3) 

fez 

and 


where 


||X|1 = (X,X)2, 

xit) = Y. i,j e 

fez 


(2.4) 


is the Fourier series expansion of x. For x e £ n C°° we define 


A(x) = 


1 

2 


■1 

Jx{t)-x(i)6.t. 


0 


(2.5) 


It can be extended to the whole space E. Note that the space E can be orthogo¬ 
nally decomposed as 

E-E^®E~®E^, (2.6) 

where 


= J E ±f>0 

lfeZ\{0} 

- i sin(2;ryt)ei + cos{2Tiji)ei+n, 
spauR I (.QQ(2njt)ei + siii(2njt)ei+n 

E^ = spauRlei,--- ,e2„} = 


1 < i ^ n, y E l\l|, 


(2.7) 

(2.8) 


Denote by P® and P- the orthogonal projections from E onto and E- respec¬ 
tively. Let 

x° = P V = P-x. (2.9) 

Define a linear, bounded and selfadjoint operator 


L = P^-P~ :E^E. 


( 2 . 10 ) 


Then the functional A : £nC°°—^IR defined by 1 12.5D can be extended to E as follows 
A(x)= i(Lx,x) = i(||x+||2-||x-||2). (2.11) 

Consider a Hamiltonian H satisfying (HO), (HI) and the growth condition 


|H( 2 :)| < alzil" + b,\/z^ izi,zaX zi e e (2.12) 
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for some constants a,b,s> 0. Then define a functional fi by 




■1 

0 


[H{x(t) +1{0, v)) + x(t) -JiO, a)] dt. 


(2.13) 


This functional is well defined, of class and its derivative B' is compact. Now 
we can define on E the functional 


<l>(x) = A(x)-B(x). 


(2.14) 


Proposition 2.1. xeE is a critical point of <1> iffx is a solution of ( 12.2t . 

For proofs of main theorems, we need different decompositions instead of 
( 12.6D . Note that E^ can be decomposed as E^ -E^® E^, where 


F;j=span{ei,---,e2„-^}, (2.15) 

F;j = span{e2„-^+i,---,e2n}. (2.16) 

We define subspaces X,Yof E such that 


^^X + Y ^E^®E-®E°. 
Then the space E can be decomposed as 


Let 


El- -\(X1,--- ,X2n-k,f>)^E\ 


Xi(t)dt = 01, 


■En = i (0,X2„-*+i, • • • ,X2ra) e E 


XiitiAt = 0 >. 


0 


(2.17) 

(2.18) 


(2.19) 

( 2 . 20 ) 


Subspace X,Y can be defined according to various values of k as follows. 


Case 1. k-n. 

X^E-®E\, Y = £n. 

Case 2. k> n. x - 

2n-k k—n 2n—k k—n 


( 2 . 21 ) 


,P2n-k,0,qi,--- ,q2n-k,0)eE\ 


Piitidt- 


qi{t)dt-0 


X = (£-nXi)®£°, Y^Eu. 
We consider symmetries involved in the problem. 


( 2 . 22 ) 
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Firstly, since H satisfies (HI), the functional <I> defined by 02.14D is Z^-invariant 
and can be defined on 

S^EIT^ (2.23) 

Secondly, P. Felmer |6| points out that the following S^-action is free, and the 
functional <1> is S^-invariant. 

{6 = x(,t + B) + {Q,Bv), xeS. (2.24) 

where BeS^ = [0, l]/{0,1}. 

P. Felmer ISJ essentially proves the following S^-equivariant saddle point type 
theorem. 

Proposition 2.2. (Theorem 1.1 of ||5j) Assume that 8 can be splitted as 8 - 
(X +Y) X with X {0}. Let I e C^(<o,IR) be an -invariant functional of the 
form 

I(z)-^{Lz,z)+B{z), (2.25) 

where 

(11) L :E^E is a linear, bounded and selfadjoint operator; X is an invariant 
subspace. 

(12) b e C^(<o ,IR) and b'^ \8^J€ is compact. 

(13) I satisfies (PS) property. 

(14) There exist constants a< f) and y such that 

^ ^ P’ ^Iqxt* ^ Ti 

where 

Q^{xeX\ \\x\\ifR}anddQ^{xeX \ ||xll=i2}. (2.26) 

Then I possesses at least k distinct critical points with critical values less than or 
equal to j. 


3 Proofs of main results 

Since H satisfies (H0)-(H2), then 

H{z)'^ai\zif-a 2 , Vz = (01,01) e x IR*, ( 3 . 1 ) 

where 

Hiz) 

ai - mm -——, 02 - max |H( 0 )|. (3.2) 

|Zll^ kiKr 

Choose undetermined constants K 2 > r and a function x £ C°“(IR''',IR''') such 
that 

f 1, 0 ^ ^ Ki, 

= L and x'(t)<Q,Ki<t<K 2 . 

[0, f>A2, 

We define 

Hk{z)^ X(\zi\')H{z) + {l-x{\zi\))p\zif, (3.3) 
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where 


p ^ max 


mz)\ 

\zi\^ 


The function Hk satisfies (HO)-(Hl) and 


(3.4) 


0< i^HK{z)i^zi-{HK)zj, Izil^r. 


Then 


ai|0i|^-a2 ^Hk(.z) ^ p|2i|^ + a2, 

(-1 (-1 


[zr(HK)z,-HK)dt^ 


((p- DiT-asjdf, 


Jo Jo 

Hk(z)< min Hk(z), \zi\<K 2 . 
|2ll>Jf2 


(3.5) 

(3.6) 

(3.7) 


where 


Let 


and 


03 = max(p-l)//( 2 )- min zi-H„{z). 

IziKr IziKr 


Bk{x) - 


fi 

0 


[TH^ixit) +1{0, v)) + x(t) -JiO, a)] dt, 


d>K(x) — A{x) — Bk(x), \/xeS. 


(3.8) 

(3.9) 

(3.10) 


Certainly functionals Bk and are well-defined and of class, and satis¬ 
fies (II) and (12). We next prove that satisfies (13) and (14). 

Proposition 3.1. 'I'jc satisfies (13), i.e., (PS) condition. 

Proof. Let us consider a sequence 




such that 

and <I>^(u;‘'”\e‘'”>) - 0 as m^oo. (3.11) 

Certainly has a convergent subsequence. We show that is 

bounded in JP. 

Let w - 6 - 6^'^\ and decompose w as 

W -W^ + -I- W~ -W^ + Wi + W'S^-Wi + u)]!, (3.12) 

where 

w-eE-, iCj e£j, wi^Ei, w^eEj^. 

By 03.IIP and for large m we have 

<l'is:(M;,e)- (<l>^(M;,e),M;i) ^ c-i- ||a;i||. (3.13) 
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Case l.k-n. 


wi-Wi+wi-(p,Q)^E\®Ei, It'll = (0,?) E-En- 


Set ^(t) - x{t) + t{Q,v), we have 




[p(t) -qit)- THKim) + pit) • y] dt, 


[q + v-T(Hk)p,-P - TiHK)q), 
rl 


W,(p,0)> = 


0 


[p(t) ■ g(t) + pit) ■ V - pit) ■ TiHK)pi(it))] dt, 


d^Kix)-i<:>'Kix),ip,0)}^T 


[pit)-iHK)pim)-HKim)]dt 


0 

t rl 




ip- l)HKiiit))dt-aa 


By 1 13.13t and 03.15t . we have 


c+ lliaill ^ T 




ip-DExiUmt-aa 


ip-l)iailwif-a 2 )dt-a 3 

0 


Then 


\\wi\\';^bia+\\wi\\)^biii+\\w\\). 

Here H^IU denotes the standard norm of z e L^. We have 

We next estimate wi + w-s_-w^ + w~ with w- eE-. Note that 


{<d>'Kix),x^) = 
By 1 13.lit we have 


[ix^ -x-)-x-- TH'^im) ■ X- - Ji0,v)- X-]dt. 




TH'^im)-w-dt 


+ tO” 


By definition of Hk we have 


|H'(z)K63(lzir^ + l)- 


Then 


TH'j^im)-w-dt 


^ ba 


(lioil^ ^ + l)|a;-|dt< 63(111^111^ ^ + lj||ia-| 


(3.14) 

(3.15) 

(3.16) 

(3.17) 

(3.18) 


7 



























and 

||w-|| ^ 64 (i + IIm^iI|{1~^) ^b5 |l + ||u;||~j. 

By ( I3.17I I we have 



Since ^>l,we conclude that the sequence is bounded in 

Case 2. k> n. Let 

{ x = (pi,PTi,qi,qn), 

Pl^iPl,--- ,P2n-k), PTl^(P2n-k + l,--- ,Pn), 

qi = iqi,--- ,q 2 n-k), qn = (q 2 n-k+i,--- ,qn)- 


Then 


z^i = (pi,0,0,0), w^n = (0,pn,qi,gn). 


Each vector o e Z* can be written as 


0 = oi e*, VTi,v'^e 


77k-n 


We have 




(Pi ■ qi + Pn • qi - THKiiit)) + Pi ■ oi + pn ■ - qn ■ 


= (qi + oi - T{Hk)p^, qi + On - 

-pi - T(HK)qj, -pn “ i^n “ 'r(HK)q^], 


{(^'Ax),ipi,0)} - 


(pi ■ qi + Pi ■ oi - Pi ■ T(HK)pji(it)))dt, 


<l>(a:)- <<h'(x),(pi,0)> 


(pi ■ T{HK)p,im) - THKim) + pn ■ (qn + o^) - qn ■ oi)dt. 


By the definition of Hk, we have 


\(Hk)zji \ ^ bi. 

By 1 13.23L 03.11D and for large m we have 

llpn + Oj + r(Pfif)gj(^(t ))||2 ^ 1, llqn + on-(T'H'^)p]j(^(t ))||2 ^ 1- 
Since ion = (0,pn,qi,qn) ^^-n, by Wirtinger’s inequality we have 

Ilpnll2 ^ —lipnib, llqnlliz < —Ilqnll2- 


(3.19) 


(3.20) 

(3.21) 

(3.22) 

(3.23) 

(3.24) 

(3.25) 

(3.26) 
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By ( I3.25I I and ( I3.26D We have 




< bs- 


By ( I3.24t . ( I3.13I I, (H2) and the above inequality, we have 


c + llwill ^ T 




0 

I rl 


(q- l)HK{^{t))At-a^ 


(q- I)(ai|iail^-a2)dt-a3 

0 


(3.27) 


The rest part of proof is similar with Case 1.1 

Proposition 3.2. satisfies (14). 

Proof. 

Case l.k-n. By 02.211 1. each x - (w,6) eY x.T'^ satisfies w - {0,q), then 


(x) = 

Iyxt* 


-THK(.0,qU) + 6 + tv)dt ^ f. 


Each X = (.w,6) e X x T" can be written as 

w-w~ + iv^, iv~ - (p~ ,q~), - (p^ ,0). 


,-||2 , „0 


““11“^ ir+p“-o- 

rl 


THk(p + P ,q +tv + 0)At 




T{ai\p +p^f -a 2 )dt. 


0 


(1 + 1)^ 

Subcase 1.1. 1 < a < 2. Let f{t) - -, i ^ 0. We have 

^ ' 1 + ti' 


f\t) = 


p(i++tn-a+trpt^^ 


-1 


pd+tr 


-1 




-(l-t^“^)>0ifft< 1. 


(3.28) 


Then max/'(C = fd) = 2^ ^ and 

t^o 

|W2l^ — l^l + W2“Wll^^(l^l + ^2l + l^ll)^^ 2 ^ ^(\ui + U2\^ + \/ui,U 2 ■ 

Choose ui = p~ and U 2 - p^, we have 

lie'll = \p°f < 2^-i(|p- + + Ip-f) < 2^^-\\p- + p^f + Iw-f). 


9 


























By ( I3.28I I we have 


^k\xxT^ 


\f+ \iv'^\-\v\-Tai 


-\w-f]At+Ta2 


= -|lu; \f + Tai\\w \\^+\w^\-\v\-2^ ^Ta\\w^\^ + Ta 2 


For each ie = ie + 10 *^ e Q, we have Hia ||^ + |a;'’P =i2^. Then 


„0i2 . 


(3.29) 


llu^ —R or\w^\'^—R. 
v/2 1/2 

By ( I3.29t . since 1 < ^ < 2, for large R, we have 

^K\dQxT’‘^^'^ ^ /5- 1- 

Subcase 1.2. ^ ^ 2. Similarly to computations in subcase 1.1, we have 


(3.30) 


11^ + lie'll 


ai 


■1 ' 

\p~ + p^f&t-a2 

0 






ai 


ai 


ri 


\p +p‘’|^df 




-02 


\p-f+\pyAt 




-02 


^ |u;^|-|i;|-Tai|ii;^|^ + Ta2- 


Then 

®iflaQxr*(^) < |m°|- |o|- Toi|m;°|^ + T 02 ^ ;S- 1 

for sufficiently large R. 

Case 2. k> n. By 02.22t . 

Z = (£“nZi)e£°, Y = £n. 

Similarly to Case 1, we have 


Tjc (a:)^/3, VxeYxT^, 
lyxT* 

and 

®Jcl(3QxT* ^ ~ 1) Va: E dQ x . I 

By Propositions 13.1113.21 and 12.21 the functional (^k possess at least k dis¬ 
tinct critical points. Rest proofs for Theorem [1] and Theorem |2] are preliminary 
estimates for these critical points. 
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3.1 Proof of Theorem [T] 

Let 




2 /uan2/(2-M) 1\ 

1/(M-1) 


nail 
\nail 


(3.31) 


1- \ + Ta2, 

nl 


Proposition 3.3. If x(t) = [p(t),q(t)) is a critical point of (^k with ^ r. 

then 

|p(t)| ^ K, HK(x{t)+ tiO,v)} - H{x{t)+ tiO,v)), Vt E IR, 

and X is a solution of ( I2.2L 
Proof. By ( I3.15L 

7 > <^(x) - <l>(x) - (O'Cx), (p, 0)> 




ip - l)HKip,q + tv)dt - 03 


- T[(p- l)HK{p,q + tv)-a3] > r((/i- l)ai|p(t)|^ - 02 - as). 

We have |p(t)| ^K.t 

3.2 Proof of Theorem |2] 

Proposition 3.4. If xit) = (xi(t),xn(t)) is a critical point of with fl> 2 f(x) 
then 

lxi(t)| ^ iS”!, HK(x{t) + t(0,v))- Hixit) + tiO,v)), VteIR, 


and X is a solution of 02.2h 
Proof Set 

According to <3.20) . we have 
rl 


fit) - xit)+ t(0,v). 


7 ^ tp^ix) - 


[pi(^) ■ qiii) + puit) ■ quit) - TExifit)) + Plit) ■ Vi + Puit) ■ 0 - quit) ■ O] dt 
[pi(t)(9i(t) + oi) + pn(t) ■ 9n(t) - THKifit))]dt 

[pi(t) • iTHK)p,im) - THxifit)) + Puit) • 9n(t)] dt 




[T[ip - DHKifit)) - as) + Mt) ■ iTHK)pT,im)] dt. 


(3.32) 
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For arbitrary t, t' e [0,1], we have 


Then 


We have 




(pii(t)-pii(t')) dt' = 


)dr dt 


lpii(t)l = 


0 VJ 


pn(t")dr dt' 




|pn(t")|di" di' 




lpn(r)|dt" 


0 




0 VJ; 

■1 

|(r//;f)5/^(t))|dt. 

0 


p^-{THK)p.(m)At 


€ 


|pnll(r/f^)p]i(^(t))|dt 


< 


fl 

fl 

/ 

rl 


\{THK)q^m)Mt 

\{THK)p^mmt^ 

\T(HK)z.mmt 

Jo 

0 


Jo 



By definition of Hk and (H3), we have 


\(Hk)z-s\ = lT(IPil)-?^2iKa|pil® + 6. 

Then 

fi 

p^-{THK)p^(m)At 

Jo 

By 03.5k we have 


rl 


A\ ^ 

\T[ip-l)HKim)-ai]\d^t-T‘^2[ahpi\\f + b'^] 

0 

(3.33) 

> 

fl 

r((^- l)(ai|pil^ -a2)-a3)dt- T^2(a^||pil|f® + b^] 
n 


= T{p- Daillpillf; - TWilpillf" - T{p- 1)02 - Tag - THh^ 

^ T{p- Daillpill^ - THa^piWf - Tip- l)a2 - Tag - T^2b'^. 

(3.34) 

Let 

c = 7 + r(^ - 1)02 + ro3 + THb^ . 

(3.35) 

Then ll3.34t is 



C > Tip-l)ai\\pi\f^ - T^2a^\\pi\\f. 

(3.36) 

We claim that there exists a constant > 0 such that 



WpiWs^Ri- 

(3.37) 



rl 



(o|pil® + 6)dt 


Jo 



^r^-2(a^||pil|f+ 6")dt 
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By ( I3.33I I. we have 


r + Taa + T^2b^ + THa^Rf ^ Till - 1) 


HKim)dt=Tiii-l)HKim) 


^Tiii-l)iai\pi{t)\^-02), Vf. 


Ipi(i)l ^ 


f C+T^2a^RfY^^ 


y Tip-Dai 

Case 1. 2s < p. By ( 13.34b . we have HpilU ^Ri- 

and 


= -R:i. 


Case 2. 2s = p. For T e 


In (Ai-l)ail 


r+Tip- 1)02 + Tas + T^2b^ 
T(p-l)ai-r22a2 


2n7: 


we have ||pilU s$i?i. 

Case 3. p<2s <2p-l. 

Subcase 3.1. 1< p<2. Let A = HpiUs and 


C = r+Tip-1)02+ Ta 3 + T^2b^ 




+ T 


[poll 


1- 


+ Tpo2 T03 + T^2b^. 


Set 

Then 


Choose 


we have 


(p(A) = AA“-BA^, a <13. 


I A rr\ 14/5-a) 

o'(A) = AaA““^ - = 0 ^ Aq = - 


Bf3l 


Biaxvm = ipUo) = J - 1 ) =* ■ 


A = r(M- Itai. B = A„ = [ "" : 


maxtpCA) = Tip - DoiA^ - r^2a^ Aq® 






1 2^2 


2a22s j 


(3.38) 

(3.39) 
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0 , 


(3.40) 


2s-2/i 

- y 2 s-ai .J) 


where 


Dn - 2a^ 


2 ((^- l)aijU)5F^ ^2s 


2a‘^2s J 






= (2a^)^ 


2s j 


Let 


L>1 = 




= 2 


^ai 


1-, L>3 = (^02 + 0(3, L>4 = 26 . 

Mi 


There exists 6 > 0 such that for T e (0,6), 

2 ^ 2s_2^ 

•Di + r”'^ ■D 2 + T-D^ + T^-DiK -Ds, 


i.e.. 


7 ’ 2 -m'^ai-i -2)^ +£)2 + T'^'^f‘-i ■Ds + T^'^f'-i -1)4 < -Ds- 

In fact, since /i < 2s < 2^ - 1, 

lim Left = L> 2 , hm Right =+ 00 . 

2’-0+ 7-0+ 

By (HH, ( I3:39l l. (iniOj and ([311 

C < r(p - DaiA^ - tHo^xI^ 

- max{T{u- l)aiA^ - r^2a^A^®]. 

AeR 

Then the inequality 1 13.36) implies that 

llpills <-Ri or llpills ^^2, Ri < Ao <^2- 

By ([33, we have HpilU sCRi. I 

Remark 1. In subcase 3.1, we must show that 


n2+- 


/j(2s-2/i+l) 


Ki^ 


C + T^2a^Rf' 


l/jJ, 


T{fi-l)ai 
In fact, by 1 13.44D and 03.45) . we have 
Ri < Ao < R2, 

C + T^2a^Xl^ < T(ii - DaiA^, 


< K 2 — R2- 


Ki< 


c + tWa^m 


T(p- l)ai 


l/jJ, 


< Ao < R 2 - K2- 


(3.41) 


(3.42) 


(3.43) 


(3.44) 


(3.45) 
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